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Abstract In this note, we establish the strong convergence for the Ishikawa iterative scheme with errors
associated with Lipschitzian pseudocontractive mappings in Hilbert spaces.
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INTRODUCTION

Let H be aHilbert space. A mapping T:H — H issaid
to be pseudocontractive (see for example, [1, 2]) if
ITX=Ty IP<I =y IF + 1 (1 =T)x=(1 =Ty I,

vXx,ye H

(1.1
and is said to be strongly pseudocontractive if there exists
k € (0,1) suchthat

ITX=Ty [Pl x=y I +k | (1 =T)x~
(I =T)y |, VX, y e H.
Let F(T):={xeH :Tx=x} andlet K be anonempty

subset of H. A mapping T:K —> K is caled
hemicontractiveif F(T) # < and

ITx= X" F<I X = X" | + [ x= TP

VxeH,X eF(T).
It is easy to see that the class of pseudocontractive mappings

with fixed points is a subclass of the class of
hemicontractions. The following example, due to Rhoades

[6], shows that the inclusion is proper. For X € 0,1] , define
2 3

T:[0,1] > 0,1] by Tx=(1—x3)2. It is shown in [6]

that T is not Lipschitz and so cannot be nonexpansive. A

straightforward computation (see for example, [7]) shows

that T is pseudocontractive. For the importance of fixed
points of pseudocontractions the reader may consult [1].
In 1974, Ishikawa [4] proved the following result:

Theorem 1 1f K isa compact convex subset of a Hilbert
space H, T : K > K isa Lipschitzian pseudocontractive

map and X, isany pointin K, then the sequence { X, }

(1.2)

converges strongly to a fixed point of T , where X is

defined iteratively for each positiveinteger N >1 by
Xn+1 = (1_a n)Xn +a nTyn '
y, = (1-b,)x,+b,Tx,,
where {a },{b,} ae sequences of positive numbers
satisfying the conditions
()0<a,<b, <ILi)limb, = 0;(iii)Ya,b, = .
N—o0 >
= (L4)

Another iteration scheme which has been studied extensively
in connection with fixed points of pseudocontractive

mappings is the following: For K a convex subset of a
Banach space E, and T: K — K, the sequence {X,} is
defined iteratively by X, € K,
X, =(1-c,)x,+c,Tx,,n>1, (1.5)
where {C,} is a real sequence satisfying the following
conditions:

(iv) 0<c, <1;(v) lim¢, =0, (vi)gcn = o,
The iteration scheme (1.5) is generally referred to as the

Mann iteration processin light of [5].
In 1997, Xu [8] introduced the following iteration scheme:

Let K be a nonempty convex subset of a Banch space E
and T:K — K a mapping. For any given X € K, the

sequence { X} defined iteratively by

(1.6)

Xn+l = an Xn + bnTyn + Cnun’

Y, = a;qxn +b,'1Txn +C.V,

n'n’

nx1,
where {u,},{v,} ae bounded sequences in K and

{a}{b}.{c}{a},ib} ad {C} ae sequences in
[0,1] such that a,+b,+cC, :a1;+b,'1+c,'1 =1 for all

Nn=>1 is caled the Ishikawa iteration sequence with errors
in the sense of Xu.
If, with the same notations and definitions as in (1.7),

b, = C;] =0, for al integers N>1, then the sequence
{x.} now defined by

X, € K, (1.8)

X, =a X, +bTx +cu,,n>1,

is called the Mann iteration scheme with errorsin the sense
of Xu.

We remark that if K is bounded (as is generalljl tBle case),
the error terms U, ,V,, arearbitraryin K .

In [3], Chidume and Chika Moore generalized the results of

Ishikawa for continuous pseudocontractions and proved the
following results.

Theorem 2 3] Let K bea compact convex subset of a real
Hilbert space H ; T : K — K a continuous

hemicontractive mapping. Let {&,},{b,},{c,.} .{ an} g bn}
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and {C,} bereal sequencesin [0,1] satisfying the
following conditions:

(i) a,+b, +c, :1:6\Tl1+br'1+cr'1 foral n>1;
i) limb, =limb_ =0;

(i) > c, < oo;zc'n < oo;

(iv) Y a,b, =w;>a,b.d, <o where

d, =T, =Ty, I
v0<a,<b,<1Vnx1where

a,:=b +c;b,:= b'n +c'n.

For arbitrary X, € K, define the sequence {X.} iteratively
by

Xaa = 8%, +0,TY, +CU,,

Y, = a;xn +b,'1Txn ey nx1,

where {u.},{Vv.} are arbitrary sequences in K. Then,

n'n’

{x,} convergesstrongly to afixed pointof T .
Remark 1 For the proof of Theorem 2, Chidume and Moore

. 2 . .
used the condition anbn”TXn —Tyn|| <o, Snce K is
compact, so for some congtant M~ > 0, we obtain

anbn”TXn —Tyn”2 = o0, Hence the problemis till open.

In this paper, we establish the strong convergence for the
Ishikawa iterative scheme with errors associated with
Lipschitzian pseudocontractive mappings in Hilbert spaces.
Preliminaries

We shall make use of the following well known results.
Lemmal 8] Supposethat {r ,},{S ,} aretwo sequences
of nonnegative numbers such that for some real number

N, =1,
<r,+s,vnz=N,.

@1f DS, <o, then, limr | exists

r

n+l

(b) If ZS , <o and {r } hasasubsequence converging
to zero, then limr , = 0.

Lemma?2 10] Forall X, ye H and | €0,1], the
following well-known identity [ 17] holds:

IA-1)x+1y[P=@-1) 1P+ IyIF - Q-] )IIX<_>(113b'n}

Lemma3Let H bea Hilbert space, then for all
X,Y,ze H

Jeoc+ by + 2" = al” + by + cl " ~ abl— v

~bely-4" - calz- ",

where a,b,c€0,1] and a+b+c=1.
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Main Results
Now we prove our main results.

Theorem 3 Let K be a compact convex subset of a real
Hilbert space H ; T : K — K aLipschitzan
hemi contractive mapping satisfying

[x=Ty| < [[Tx-Ty| forall x, y e K. (©)

L {a}.{b}.{c){a}l.{b} ad {c} be red
sequencesin [0,1] satisfying the following conditions:

(i) a,+b, +c, :1:6\Tl1+br'1+cr'1 foral n>1;

(i) Yc, <oo;zc;] < o0;
(i) Y byb, =oo;
(iv) limb =0V n>1.

N>
For arbitrary X, € K, define the sequence {X.} iteratively
by

Xpig = 8%, + B, TY, +C Uy,

Yy, = aT']xn + bl;Txn + c,;vn,n >1,

where {u },{Vv,} are arbitrary sequences in K. Then
{x,} convergesstrongly to afixed pointof T .

Proof. From Schauder’s fixed point theorem, F(T) is
nonempty (where F(T) denotes the set of fixed points of
T ) since K isaconvex compact set and T is continuous,
let X' eF(T). St M =1+diam(K). Using the fact
that T ishemicontractive we obtain

ITx, — XTf <H, — XTf + K, - Tx IT, (3.0)
and
Ty, — XTf <, — XTf +§I, - Ty I1. (3.2)

With the help of (1.7), (3.1), (3.2) and Lemma 3, we obtain
the following estimates:

I, - X'Tf =14, x, +b,Tx, +c,v, — XTT

=1a,(x, - X")+b, (Tx, — X)) + ¢, (v, — x" )t
=[x~ x| +b,
—ab% — x|~ byc, %, — Vo’

C 2
- ancn”Xn _Vn”

L2 2
TX, — X H +C,

v, — xH

’ +b;](lin - XTE +H, —Tx,ﬁ)+ M ’c,

X, — X

_a.nb;1||xn _TXn||2

= Hxn g b'n(l—a;)|xn ~Tx,| +M %,

mn _Tynl—f :Hn X, + b;1TXn + Clnvn _Tynl—f
:Hn(xn _Tyn) + bn(TXn _Tyn) + C;1(Vn _Tyn)l—f
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= a"n”Xn _Tyn||2 + bn”TXn _Tyn||2 + Cln”Vn _Tyn||2 =

D, (%, =T, )¢, %, =, )

— 8, }%, ~ T, by [T, — v < by % —Tx ]+ G~

- alnCIn”Xn _Vn||2 andsince T is Lipschitzian,
<ax, —Tyn||2 +b,[Tx, —Tyn||2 +M?%c, T, —Tyn||2 <L’x, - yn||2
—abifx - < 17{o) i, |+ Mc,f
Substituting (3.3) and (3.4) in (3.2) we obtain

< 1207x, ~Tx,| +3L°M 2

* «||2 : 2 .
MMy, - XTE < [x, - X H +a, ”X” _Ty“” + b””TX” ~ Waig consequently from (3.6) we obtain
(3.5 . .12
-t 28, -1, ~Tx |+ 2%, Tt
Also with the help of (3.5), we have - bnbn(l— 2(1+L%)b, - ch)|xn ~Tx,|"+2M?c, +2M 2(1+ 3L2)c
N, —xTf =14, x, +b Ty, +cu, — xXTf (3.6)
=H, (x, - X")+ Db, (Ty, - x") +, (U — )t Now by !1imb;1 =O=Limcln, imply that there exists
- anHXn _ X*HZ Y Fyn _X*H2 tcfu - X*HZ N, € N such that for all nlz Ny,
- anbn”Xn _Tyn||2 - ann"Tyn - un”2 - a'nCn”Xn - un||2 bn = 6(1+ Lz) anan = E, (38
< (1_ bnj X, — X*Hz and from (3.7) we get
2 2 2 N, — XTf <||x, - X*HZ —Ebnb;”xn ~Tx, |
+bn( x,~ X[ +a,]x, =Ty, + [T, ~Ty,| 3
o~ , | +2M ¢, + 2M 2(1+ 312,

—b, (28, ~1)x, ~ T, +2M %c, molies
+M’c, ) 2 %bnb'n”xn —Txn||2 SHxn—x*Hz— xn+1—x*H2+2M ’c, +2M 2(1+3
=||x, — XH +b,b, [Tx, =Ty, Thus

b, (22,1~ byl x, -l 2 bl T[T T
+M? +2M%.C, 30 =0

<fpo "+l - b x)
~bb, - 2o, + 6, ), ~ T, b, (B, b %, T = 7 d, - T,

=0

+2M2(c, +c,) where d; = 2M %¢; + 2M 2(1+3L2 ).

< Hxn B X*Hz N bnb;1||TXn —Tyn||2 _ bnb;w (1_ 2(b;1 N C'n )}|Xn __Il-_i T;by cond|t|20ns (ii) and (iii), we have
ﬂxj_l ~Tv, H < +oo. (3.10)
j=0

+0Zx, =Ty, | " implies that

. , , ~ Alimix. =Tx, [ = 0.
<[+, T -2, P |
o T~ T gty e s
<X, — 2 - - - - [ .
OJ‘X“ t);a‘l " ”"TXn Vi e T Theorem 4 Let K be a compact convex subset of areal
Serve Hilbert space H; T : K — K acontinuous
||Xn _ yn” = hemi contractive mapping satisfying

[x=Ty|<[[Tx-Ty|forall x, y e K.

Xy —anX, — bnTXn -GV,
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Le {a}{b}{c}ia}{b} ad {c} be rea
sequencesin [0,1] satisfying the following conditions:

(i) a,+b, +c, :1:¢5\T'1+br'1+cr'1 foral n>1;

(i) Yc, <oo;zc;] < o0;
(i) Y byb, =oo;
(iv) limb, =0V n>1.

n—oo

Let B, :H — K be the projection operator of H onto
K . Then the sequence { X} defined iteratively by

Xn+1 = PK (anxn + bnTyn + Cnun )’
y, =P (a,x,+b,Tx,+cVv,),n>1,
where {U} and {u,} are arbitrary sequences in K,

converges strongly to afixed point of T .
Proof. The operator B, is nonexpansive (see e.g., [2]). K

is a Chebyshev subset of H so that, P, isasingle-valued
mapping. Hence, we have the following estimate:

N, - XTf =R (a,x, +b Ty +cu,)-PXxT
<@, x,+b,Ty, +cu, - XTi

=M@, (x,—X)+b (Ty, - x")+c, (u, - x)It

" b, (1-2(1+ L), — 2¢, Jjx, T,
+2M %, + 2M 2(1+ 312 ).

The set K =K UT(K) is compact and so the sequence

{IA, =T IY is bounded. The rest of the argument follows

exactly as in the proof of Theorem 3 and the proof is
complete.

Remark 2 This kind of reconstruction for Lipschitz

hemi contractive mappings is new under the setting of

Hilbert spaces.

< Hxn =X
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